Consider the persistence and the global asymptotic stability of the following discrete model of pure-delay nonautonomous Lotka-Volterra type: In this paper, for the above discrete system of pure-delay type, by improving the former work [J. Math. Anal. Appl. 273 (2002) 492-511] which extended the averaged condition offered by S. Ahmad and A.C. Lazer [Nonlinear Anal. 40 (2000) 37-49], we offer conditions of persistence, and considering a Lyapunov-like discrete function to the above discrete system, we establish sufficient conditions of global asymptotic stability.
Recently, Xu and Chen [8] have established conditions for the permanence of system and using a Lyapunov functional, they obtained conditions for the global asymptotic stability of the time-dependent pure-delay-type Lotka-Volterra predator-prey model of three species.
In this paper, for the above discrete system of pure-delay type, by applying the former work of Muroya [5] which extended the averaged condition offered by Ahmad and Lazer [2] , we improve conditions of persistence, and considering a Lyapunov-like discrete function to the above discrete system, we establish sufficient conditions of global asymptotic stability which are a different type from those of Xu and Chen [8] .
Letā
( [5] to this system, we improve sufficient conditions for the persistence of system. Then, the newly extended averaged condition is as follows: For any N i 0, 1 i n, such that
Then, the condition (1.4)-(1.5) is equivalent to the following:
it holds that 
and assume 
(1.13)
Put an n × n matrix as
where
(1.14)
We shall establish the following extension of the Ahmad and Lazer's results in [2] and Muroya [5] to the system (1.1)-(1.2). Theorem 1.1 (Cf. Ahmad and Lazer [2] ). For the system (1.1)-(1.2), assume Eq. (1.9) and suppose that there exists a nonempty subset Q ∈ {1, 2, . . ., n} such that
(1.15)
Then, the system is persistent for solutions, that is,
Moreover, if
A is an M-matrix, (1.17) The organization of this paper is as follows. In Section 2, using the same techniques as in Ahmad and Lazer [2] and Muroya [5] , we prove that Eqs. (1.9) and (1.15) imply Eq. (1.16), and that Eqs. (1.16) and (1.17) imply Eq. (1.18).
In particular, if there exists a positive equilibrium
N * = (N * 1 , N * 2 , . . . , N * n ) of the system (1.1)-(1.2), then in Eq. (1.14), we can takeā ii , 1 i n, as a ii =ā iL − n l=0 a l iiM k l ā iMNi , 1 i n.
Note that if
A L − −B − L + B + M is an M-matrix,
Conditions of persistence and global asymptotic stability
Consider the persistence and the global asymptotic stability of a discrete model (1.1)-(1.2) of pure-delay nonautonomous Lotka-Volterra type.
We have a lemma.
Lemma 2.1. For the system (1.1) and (1.2) and 1 i n, 
where [t] denotes the maximal integer less than or equal to t and
Then, we easily see that for any p < t < p + 1, for p 0,
Thus, integrating both sides with respect to t on [p, p + 1], we obtain (1.1) and
We have the following lemma which is an extension of Theorem 2.1 in Xu and Chen [8] for a time-dependent pure-delay-type Lotka-Volterra-prey model of three species. 
, then there exists an integer 0 l 1p m such that
Thus, if N 1 (p + 1) >N 1 for some p 0, then we have
Now, let us consider the case that N 1 (p) is eventually decreasing and bounded below byN 1 
We will show that β = 0. Indeed, suppose β > 0. Let take any positive constant η. Then, there existsp 0 0 such that
since N 1 (p) −N 1 eventually decreases to β. Thus, we have
Therefore, we have
1L , which in turn implies, due to
Then, for any fixed positive constant , there exists a constantp 1 p 0 = 0 such that 
Thus, if there exists a constantp
By Eq. (1.2), it follows that for i ∈ Q,
This shows that if 
it holds that for each q 1, there exists a l q ∈ {0, 1, 2, . . ., m} such that
Similar to Eq. (2.1), it follows from Eq. (2.5) that
By Lemma 2.2 and assumptions, there is a positive constantV such that for V (p) V , p 0 and fork = max 0 l m k l , we have that and there exists j q ∈ J such that
The following lemma is a bit improved version of Lemma 2.5 in Ahmad and Lazer [2] (see Lemma 2.6 in Muroya [5] ). 
14)
we have that for any j ∈ J , Let N j = 0 for any j ∈ J and N = (N 1 , N 2 , . . . , N n ) T . From Eqs. (2.17) and (1.9), we see that
Then, by Eqs. (1.1) and (1.9), it holds that
It follows from Eq. (2.18) that
However, by conditions (1.9) and (2.19), we see that
This contradiction proves that Eqs. (1.9) and (1.15) imply Eq. (1.16). Now, we have the following lemma to obtain a sufficient conditions of the global asymptotic stability of the system (1.1)-(1.2).
Lemma 2.8. For any two solutions
, it holds Eq. (1.13).
Proof. We have that
By Eq. (1.9) and Lemma 2.2, for any fixed positive constant , there is a positive integer p such that for p p ,
Then, for p p , we have that Hence, the remained part of proof is similar to the proof in Gopalsamy [4] and Ahmad and Lazer [2] . Thus, we get the conclusion. 
